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We study the quasi-one-dimensional (Q1D) spin-polarized bose-fermi mixture of atomic gases at
zero temperature. Bosonic excitation spectra are calculated in random phase approximation on the
ground state with the uniform BEC, and the Peierls instabilities are shown to appear in bosonic
collective excitation modes with wave-number 2kF by the coupling between the Bogoliubov-phonon
mode of bosonic atoms and the fermion particle-hole excitations. The ground-state properties are
calculated in the variational method, and, corresponding to the Peierls instability, the state with a
periodic BEC and fermionic density waves with the period pi/kF are shown to have a lower energy
than the uniform one. We also briefly discuss the Q1D system confined in a harmonic oscillator
(HO) potential and derive the Peierls instability condition for it.
PACS numbers: 03.75.Fi, 05.30.Fk,67.60.-g
I. INTRODUCTION
The cooling and trapping techniques of atoms, used
in the realization of BEC [1, 2] and degenerate fermi
gases [3], have recently produced quantum bose-fermi
mixtures of dilute atomic gases [4, 5]. Motivated by
the controllability of various experimental parameters
such as trap geometries, particle numbers, and interac-
tion strengths in experiments of the ultra-cold atoms, a
number of theoretical studies have been done to explain
various experimental results done for bose-fermi mixtures
[6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17].
Further experimental advances have led to the real-
ization of BEC in quasi-one-dimensional (Q1D) system
[5, 18, 19], by putting atoms in cylindrical traps long
enough that the one-particle energy-level spacing in ra-
dial direction exceeds the interatomic-interaction energy,
and the atoms can move effectively in the axial direction.
Characteristic properties of the Q1D BEC have been
demonstrated in the formation experiments of matter-
wave solitons in repulsively/attractively interacting sys-
tems [20, 21]. Also several new phenomena, which are
typical in the Q1D bose system, have been proposed the-
oretically: quasi-condensates with fluctuating phases [22]
and a Tonks-Girardeau gas of impenetrable bosons [23]
and so on.
In electric conductors, the Q1D systems have been re-
alized in systems where electric currents can flow easier
in one specific crystal direction than in the vertical di-
rections [24]. One of the most fascinating phenomena in
such a system is the “Peierls instability”: a lattice dis-
tortion with the period of 2kF [25]. This instability gives
∗Electronic address: tmiyakawa@arizona.optics.edu
rise to a charge-density wave in the ground state, a col-
lective state of electrons, which is caused by the strong
correlations among electrons due to the phonon-electron
interaction. The origin of the effect is the divergence
in phonon spectrum by the low-energy particle-hole (p-
h) excitations near fermi surface with the wave-number
2kF , which give large contribution in phonon self-energy
because of a phase-space reduction in Q1D systems.
In the present paper, we investigate the occurrence
of the Peierls instability in the Q1D uniform system of
atomic-gas bose-fermi mixture at T = 0. Different from
conductors that have the periodic structures by lattices,
it have no periodic structures originally, and the insta-
bility and the periodic structure in the ground state is
brought purely by the coupling between the Bogoliubov-
phonon mode of bosonic atoms and fermion p-h excita-
tions.
This paper is organized as follows. In Section II, we
introduce the model and derive the equations in random
phase approximation using the Green’s function method
to calculate the bosonic excitation spectra. In Section
III, the equations obtained in Section II are applied for
the system with the uniform ground state, and solved
numerically. We show the calculated bosonic excitation
spectra and that the Peierls instability appears in collec-
tive excitation modes around the wave-number 2kF . The
analytical estimations are also given for the collective ex-
citation spectra. In Section IV, we show that the state
with periodic BEC and the density-wave states for both
boson and fermion (with the period of π/kF ) is more
stable than the uniform state. In Section V, we briefly
discuss the Peierls instability in the finite Q1D system
confined in a HO potential [26].
2II. MODEL, GREEN’S FUNCTIONS AND
MEAN-FIELD BASIS
We consider a system of spin-polarized atoms at T = 0:
Nb bosons and Nf fermions with massesmb,f each other,
confined in an axially-symmetric HO potential Ub,f =
1
2mb,f
{
ω2r(x
2 + y2) + ω2az
2
}
where ωr ≫ ωa. When
atoms are confined tightly enough in the r-direction that
the radial (r) part of their wave functions can be approx-
imated by that of the lowest-energy state in the 2D HO
potential 12mb,fω
2
r(x
2+ y2), then we call that the system
is in the Q1D region. It should be realized when,
• The r-HO quanta h¯ωr should be higher than the
boson-boson/boson-fermion interaction energies:
ǫ3Dbb = 4πh¯
2abbn
3D
b /mb and ǫ
3D
bf = 2πh¯
2abfn
3D
f /mr,
where n3Db,f are the boson/fermion 3D-number den-
sities and abb,bf are the boson-boson/boson-fermion
s-wave scattering lengths. The mr in ǫ
3D
bf is a re-
duced mass: mr = mbmf/(mb +mf ).
• The r-HO quanta should also be higher
than the fermi energy obtained by ǫ3DF =
h¯2(6π2n3Df )
2/3/2mf [17].
The atomic states for the axial (a) degree of free-
dom are described by the z-dependent field operators for
bosons and fermions, φˆ(z) and ψˆ(z); the effective Hamil-
tonian for them is modeled by
H =
∫
dz φˆ†(z)
[
− h¯
2
2mb
d2
dz2
+ Ub(z)− µb
]
φˆ(z)
+
∫
dz ψˆ†(z)
[
− h¯
2
2mf
d2
dz2
+ Uf (z)− µf
]
ψˆ(z)
+
∫
dz φˆ†(z)
[
gbb
2
φˆ†(z)φˆ(z)
+gbf ψˆ
†(z)ψˆ(z)
]
φˆ(z), (1)
where the µb,f are the 1D chemical potentials for bosons
and fermions. The effective 1D coupling constants gbb
(boson-boson) and gbf (boson-fermion) in (14) are related
to the s-wave scattering lengths: gbb = 2h¯ωrabb, gbf =
2h¯ωrabf , which can be obtained from the 3D interaction
by integrating out the radial parts of the wave functions
[17, 27]. It should be noted that, in the limit ωa → 0, we
obtain the uniform system in the axial dimension.
In weak interacting systems, the mean field approxi-
mation should give a good starting point for further cal-
culations, where bosons are assumed to occupy the lowest
single-particle state ϕ0(z) at T = 0, and the expectation
value of the boson field-operator (order parameter for
BEC), Φ(z) = 〈φˆ(z)〉 = √Nbϕ0(z), satisfies 1D Gross-
Pitaevskii equation:[
− h¯
2
2mb
d2
dz2
+ Ub(z) + gbbnb + gbfnf
]
Φ = µbΦ, (2)
where the (axial) 1D boson density nb is defined by
nb(z) = |Φ(z)|2.
For fermions, the ground state is obtained by a Slater
determinant of fermion single-particle wave functions
ψj(z) for the mean-field energies ǫ
f
j below the 1D fermi
energy ǫF = µf , which are obtained from the Hartree
equation:
[
− h¯
2
2mf
d2
dz2
+ Uf (z) + gbfnb(z)
]
ψj(z) = ǫ
f
jψj(z). (3)
In this state, the fermion density is obtained by nf (z) =∑
ǫf
j
≤ǫF
|ψj |2.
We are interested in the bosonic excitation modes of
the system, which can be obtained by the bosonic Green’s
functions
iG(x1, x2) =( 〈T [ϕˆ(x1)ϕˆ†(x2)]〉 〈T [ϕˆ(x1)ϕˆ(x2)]〉
〈T [ϕˆ†(x1)ϕˆ†(x2)]〉 〈T [ϕˆ†(x1)ϕˆ(x2)]〉
)
. (4)
where x = (z, t) and ϕˆ(x) = φˆ(z, t)− Φ(z). They satisfy
the Dyson equation:[
ih¯
∂
∂t
τ3 −K0b (z1)1
]
·G(x1, x2) = h¯δ(x1 − x2)1
+
∫
d2x3 h¯Σ(x1, x3) ·G(x3, x2), (5)
whereK0b (z) = −(h¯2/2mb)d2/dz2+Ub(z)−µb is a single-
particle operator and the matrices τ3 and 1 are defined
by
τ3 =
(
1 0
0 −1
)
, 1 =
(
1 0
0 1
)
. (6)
The boson self-energy in Eq. (5) is in the 2× 2-matrix
form, and separated into the static and the dynamical
parts: Σ(x1, x2) = Σ0(x1, x2) +Π(x1, x2). In the mean-
field approximation, the static part is given by
h¯Σ0 = gbb
(
2nb +
gbf
gbb
nf ΦΦ
Φ∗Φ∗ 2nb +
gbf
gbb
nf
)
δ(x1 − x2),
(7)
In the dynamical part, we take the contributions from the
fermion particle-hole (p-h) pair-excitations (Figure. 1):
h¯Π(x1, x2) = − i
h¯
g2bf
(
Φ(z1)Φ
∗(z2) Φ(z1)Φ(z2)
Φ∗(z1)Φ
∗(z2) Φ
∗(z1)Φ(z2)
)
×Gf (x1, x2)Gf (x2, x1), (8)
which is just a polarization potential for pair-excitations.
It should be noted that this approximation is equiva-
lent to the random phase approximation, and gives the
strong correlation effects, especially in the bosonic col-
lective modes (Bogoliubov-phonon mode).
3bgpcar apmqqcb
FIG. 1: Polarization potential induced by fermion particle-
hole excitation. Dashed line: boson (non-condensate), solid
line: fermion.
For the fermion Green’s function in (8), we use that for
the unperturbed fermion single-particle state obtained
from Eq. (3):
iGf (x1, x2) =
∑
j
ψj(z1)ψj(z2)
∗e−iǫ
f
j
(t1−t2)
×[θ(t1 − t2)θ(ǫfj − ǫF )− θ(t2 − t1)θ(ǫF − ǫfj )]. (9)
To advance the calculation, we expand the boson field
operators, ϕˆ and ϕˆ†, by boson creation/annihilation op-
erators, βˆλ and βˆ
†
λ for the quasi-particle states:
ϕˆ(z) =
∑
λ
{
uλ(z)βˆλ − v∗λ(z)βˆ†λ
}
,
ϕˆ†(z) =
∑
λ
{
u∗λ(z)βˆ
†
λ − vλ(z)βˆλ
}
,
where the quasi-particle wave functions, uλ(z1) and
vλ(z1), for the eigenenergies h¯Ωλ can be determined from
the Bogoliubov-type eigenequations:
Luλ(z1) +
∫
dz2 {nbgbbδ(z1 − z2) + h¯Π(z1, z2; Ωλ)} {uλ(z2)− vλ(z2)} = h¯Ωλuλ(z1), (10)
Lvλ(z1) +
∫
dz2 {nbgbbδ(z1 − z2) + h¯Π(z1, z2; Ωλ)} {vλ(z2)− uλ(z2)} = −h¯Ωλvλ(z1), (11)
where L = K0b + gbbnb + gbfnf . The h¯Π denotes the
energy-representation of the polarization potential in
Eq. (8):
h¯Π(z1, z2; Ωλ) = g
2
bf
∑
p,h
Φ(z1)Φ(z2)
×
[
ψ∗h(z1)ψp(z1)ψ
∗
p(z2)ψh(z2)
h¯Ωλ − ǫfp + ǫfh
−ψ
∗
p(z1)ψh(z1)ψ
∗
h(z2)ψp(z2)
h¯Ωλ − ǫfh + ǫfp
]
, (12)
where the index p(h) represents a state with energy above
(below) the fermi energy. Since we consider the station-
ary condensates, the order parameter Φ is assumed to be
real [28].
We should note that the number of eigenvalues Ωλ ob-
tained from Eqs. (10,11) may exceed the dimension of the
bosonic quasi-particle space because these equations are
not linear for the eigenvalue Ωλ (The h¯Π depends on the
eigenvalue). In this case, the eigenfunctions for different
eigenvalues do not satisfy the orthogonality relations, but
they are proved still to be a complete set.
For normalizations of the quasi-particle wave func-
tions, we take∫
dz1
[|uλ(z1)|2 − |vλ(z1)|2]
−
∫
dz1dz2 {u∗λ(z1)− v∗λ(z1)}
× dΠ(z1, z2; Ω)
dΩ
∣∣∣∣
Ωλ
{uλ(z2)− vλ(z2)} = 1. (13)
III. PEIERLS INSTABILITY OF
HOMOGENEOUS STATE
A. Dispersion equation for Excitation energies
Let’s consider the case of ωa = 0, and discuss the sta-
bility of the 1D homogeneous states in uniform mixtures,
where the boson/fermion (1D) densities nb,f and the or-
der parameter Φ take constant values:
Φ =
√
Nb
L
, nb,f =
Nb,f
L
, (14)
where L is a quantization length for the box-potential
regularization. In this case, the fermion single wave func-
tions become plane waves, ψk = e
ikz/
√
L, with the wave
number k = πn/L (n = integer) and the mean-field
single-particle energy ǫfk = h¯
2k2/2mf + gbbnb. The fermi
wave-number and energy, kF and ǫF , becomes kF = πnf
and ǫF = h¯
2π2n2f/(2mf ) + gbbnb.
4The boson quasi-particle wave functions uλ and vλ
also become plane waves: uλ,k(z) = uλ,ke
ikz , vλ,k(z) =
vλ,ke
ikz . Substituting them into Eqs. (10,11), we obtain
(ǫbk − µb)uλ,k + {gbbnb + h¯Πk(Ωλ)} {uλ,k − vλ,k}
= h¯Ωλuλ,k, (15)
(ǫbk − µb)vλ,k + {gbbnb + h¯Πk(Ωλ)} {vλ,k − uλ,k}
= −h¯Ωλvλ,k, (16)
where ǫbk = h¯
2k2/2mb + gbbnb + gbfnf , and the polariza-
tion potential h¯Πk(Ωλ) for plane waves is given by
h¯Πk(Ωλ) = g
2
bfnb
∫ kF
−kF
dq
2π
[
1
h¯Ωλ − ǫfq+k + ǫfq + iη
,
− 1
h¯Ωλ − ǫfq + ǫfq+k + iη
]
.(17)
Using the equality of the bosonic chemical potential and
the interaction energy in the mean-field approximation,
µb = gbbnb+gbfnf , we obtain the dispersion equation for
Ωλ:
(h¯Ωλ)
2 = (ebk)
2 + 2ebk{gbbnb + h¯Πk(Ωλ)}, (18)
where ebk = h¯
2k2/2mb.
Introducing the complex energy Ωλ = ωλ − iγλ, we
separate the polarization potential into the real and the
imaginary parts
h¯Πk(ωλ, γλ) = h¯Π
Re
k (ωλ, γλ) + ih¯Π
Im
k (ωλ, γλ). (19)
After execution of the q-integration in Eq. (17), they be-
come [29]
h¯ΠRek (ωλ, γλ) = −
Ak
2
[
ln
{(k + 2kF )− 2mfωλh¯k }2 + (
2mfγλ
h¯k )
2
{(k − 2kF ) + 2mfωλh¯k }2 + (
2mfγλ
h¯k )
2
+ ln
{(k + 2kF ) + 2mfωλh¯k }2 + (
2mfγλ
h¯k )
2
{(k − 2kF )− 2mfωλh¯k }2 + (
2mfγλ
h¯k )
2
]
,
h¯ΠImk (ωλ, γλ) = −Ak
[
πθ
(
2kF −
∣∣∣∣k − 2mfωλh¯k
∣∣∣∣
)
− πθ
(
2kF −
∣∣∣∣k + 2mfωλh¯k
∣∣∣∣
)
+arctan
(
2(
2mf
h¯k )
2ωλγλ
(k + 2kF )2 + (
2mf
h¯k )
2(γ2λ − ω2λ)
)
− arctan
(
2(
2mf
h¯k )
2ωλγλ
(k − 2kF )2 + (2mfh¯k )2(γ2λ − ω2λ)
)]
, (20)
where Ak =
g2bfnb
2π
mf
h¯2k
, and the principal values should be
taken for the arctangent function: −π2 ≤ arctanx ≤ π2 .
Using these results, Eq. (18) can be separated into the
coupled equations
h¯2(ω2λ − γ2λ) = (ebk)2 + 2ebk{gbbnb + h¯ΠRek }, (21)
h¯2ωλγλ = e
b
k · h¯ΠImk . (22)
Now, in order to analyze the dispersion equations
(21,22) qualitatively, we discriminate two cases. First,
when h¯ΠImk (ωλ) 6= 0 and ωλ, k > 0, Eqs. (21) and (22)
have solutions with complex energies (γλ > 0), which
correspond to the continuum p-h excitations in the con-
tinuum.
Second, in the region where any p-h pair excitations are
prohibited (γλ = 0), the polarization potential becomes
real:
h¯ΠRek (ωλ) = −Ak ln
∣∣∣∣(k + 2kF )2 − (2mfωλ/h¯k)2(k − 2kF )2 − (2mfωλ/h¯k)2
∣∣∣∣. (23)
In this case, introducing the dimensionless variables ω˜λ =
2ωλ/(vFkF ) and k˜ = k/kF (vF = h¯kF /mf : the fermi
velocity), the dispersion relation, eq. (21), becomes
ω˜2λ =
m2f
m2b
k˜4 + 2k˜2
v2B
v2F
{
2− ζ
k˜
ln
∣∣∣∣∣ k˜
2(k˜ + 2)2 − ω˜2λ
k˜2(k˜ − 2)2 − ω˜2λ
∣∣∣∣∣
}
,
(24)
where vB =
√
gbbnb/mb and ζ is the dimensionless boson-
fermion coupling constant defined by
ζ =
g2bf
πgbbh¯vF
. (25)
The solutions of Eq. (24) correspond to the bosonic ex-
citation energies, which we are interested in, and vB is
just the Bogoliubov-phonon sound velocity. It should be
noted that the scaled equation (24), depends on three
dimensionless parameters, mf/mb, vB/vF , and ζ.
B. Excitation Spectra and Peierls Instabilities
Let’s study the bosonic excitation spectra on the homo-
geneous ground state (14) with solving the dispersion re-
lations (21,22). To understand general features, we show
numerical results for two typical cases, (a) vB < vF and
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FIG. 2: Excitation spectrum (in units of h¯vF kF ) of bose-
fermi mixtures. Solid lines: collective modes of p-h pairs and
bosonic modes, dashed line: free boson, shaded area: contin-
uum p-h pair excitation spectra.
(b) vB > vF , in Figure. 2: (a) (vB/vF )
2 = 0.67, ζ = 0.99
and (b) (vB/vF )
2 = 1.50, ζ = 0.80. The same values
have been taken for boson and fermion masses,mb = mf ,
for all cases. The shaded areas in Figure 2 correspond
to the continuum spectra corresponding to the fermionic
p-h excitation states, and the solid lines are to the iso-
lated modes, corresponding to the collective excitations.
It should be noted that two collective modes (low- and
high-lying) exist with the same wave number k (except
narrow regions around 2kF ); they can be interpreted
to be coherent superposition of the Bogoliubov-phonon
mode from bosonic atoms and the fermion p-h collective
mode. For comparison, the Bogoliubov-phonon spectra
in boson-fermion noninteracting systems (gbf = 0) have
been plotted in Figure 2, and we can find that it runs
between two collective spectra in the interacting ones.
Let’s discuss the specific features of the collective
modes, especially in small k and k ∼ 2kF regions.
In small wave-number region, k < kF |1 − (vB/vF )2|,
the Bogoliubov-phonon modes (dashed line) in the
boson-fermion noninteracting limit are located below the
fermion p-h excitation modes in energy and absorbed into
the fermion p-h continuum when vB < vF (case (a)). In
case that vB > vF (case (b)), the corresponding modes
are above the continuum. It suggests that the low-lying
collective mode in (a) is mainly a Bogoliubov-phonon
mode from bosonic atoms but the corresponding mode
in (b) is mainly the fermion p-h one, and the high-lying
modes have opposite characters. In Figure 2, the bosonic
excitation modes are found to be influenced by the inter-
action with the fermion p-h excitation modes, and pushed
downward/upward in case (a)/(b).
Around k ≃ 2kF , the low-lying collective modes be-
come very soft and, between two critical wave-numbers
k− < k < k+, they are found to be zero-modes in both
cases. To calculate the energy of these modes analyti-
cally, we expand Eq. (22) to the leading order of |q|/kF
(q = k − 2kF ):
h¯2ωλγλ = A2kF e
b
kF [πθ(ωλ − vF |q|)
− arctan
(
2ωλγλ
v2F q
2 − ω2λ + γ2λ
)]
. (26)
When ωλ < vF |q|, the above equation reduces to ωλγλ =
0. In the case of ωλ = γλ = 0, two critical wave-numbers
are obtained from Eq. (21):
k±
kF
= 2± 4 exp
[
−2
ζ
{
1 +
(
mfvF
mbvB
)2}]
, (27)
which gives (k− = 1.97kF , k+ = 2.02kF ) for (a) in Fig-
ure 2, and (k− = 1.92kF , k+ = 2.05kF ) for (b) in the
same figure.
Analyzing the eigenvalues of Eq. (21) more detail, we
find that they become purely imaginary (ωλ = 0, γλ 6=
0) in the region between the two critical wave-numbers,
k− < k < k+; it is just the “Peierls instability” in Q1D
system, which suggests that the homogeneous state is
unstable against the fluctuations with the wave-number
around 2kF .
Finally, we should comment on a different kind of in-
stability that may occur in the small wave-number fluc-
tuation [17]. When we take the k→ 0 limit with keeping
ωλ/k = constant, the real part of the polarization poten-
tial becomes
h¯ΠRek (ωλ) =
(gbf )
2nb
πh¯vF
(vFk)
2
ω2λ − (vF k)2
. (28)
and the imaginary part ΠImk vanishes except at vB =
vF . Substituting Eq. (28) into Eq. (21), we obtain two
branches of excitations:
h¯ω± = h¯k
[
v2F + v
2
B
2
± 1
2
√
(v2F − v2B)2 + 4ζv2F v2B
]1/2
.
(29)
In the strong boson-fermion interacting case (ζ > 1), the
energy of the low-lying mode becomes purely imaginary,
and it suggests an instability of the system. We find that
the stability condition for the k ≃ 0 mode:
π2h¯2
mf
nf ≥ (gbf )
2
gbb
, (30)
6where we have used the relation nf = kF /π. This k ≃ 0
instability is considered to cause the phase-separated
states more stable. In the present paper, we do not dis-
cuss this instability and concentrate only on the density-
wave states caused by the Peierls instability, which is
discussed in the next section. It should be a very in-
teresting problem to study the cooperation/competition
between these states.
IV. DENSITY WAVES IN BOSON-FERMION
GROUND STATE
The results obtained in the previous section shows that
the homogeneous state is not the true ground state of the
system and a lower energy can be obtained for the state
with a spatially-periodic condensate characterized by the
2kF -periodic order parameter: Φ(z) = bu+bp cos (2kF z).
The constant bosonic density is given by nb = b
2
u+ b
2
p/2.
In the case of weakly-periodic variation bp ≪ bu, up to
second order in bp, the mean-field Hamiltonian for the
bose-fermi system becomes
Hˆ
L
=
gbb
2
(b4u + b
2
ub
2
p) + ǫ
b
pb
2
p +
∑
k
ǫfk cˆ
†
k cˆk
+ gbfbubp
∑
k
(cˆ†k−2kF cˆk + cˆ
†
k+2kF
cˆk), (31)
where cˆk and cˆ
†
k are the annihilation and creation opera-
tors for fermions with the wave-number k and the energy
ǫfk = h¯
2k2/2mf + gbf(b
2
u + b
2
p/2). The ǫ
b
p in Eq. (31)
is the energy generated from the periodic condensate:
ǫbp = e
b
2kF
/2 + gbbb
2
u. The last term in Eq. (31) is for the
processes that the fermion with a wave-number k feeling
periodic- and uniform-bosonic condensates scatters into
the sates with k ± 2kF .
In order to obtain a single-particle energy, we calculate
the fermion Green’s function:
iFk,k′ (t−t′) ≡ 〈T [cˆk(t)cˆ†k′ (t′)]〉 =
∫
dω
2π
e−iω(t−t
′)Fk,k′ (ω),
(32)
where cˆk(t) = e
iHˆt/h¯cˆke
−iHˆt/h¯. For a fixed wave-number
k, the Green’s function Fk,k′ (ω) has non-vanishing off-
diagonal matrix elements at Fk,k±2kF in the Hamiltonian
(31). In the limit k → +kF , fermion states with wave-
numbers k and k− 2kF are almost degenerate in energy,
but that with k + 2kF is separated. Consequently, in
case of kF ≥ k > 0, the Dyson equation for the Green’s
function can be approximated by(
h¯ω − ǫfk −∆
−∆ h¯ω − ǫfk−2kF
)(
Fk,k
Fk,k−2kF
)
=
(
h¯
0
)
,
(33)
where Fk,k is a diagonal part of the Green’s function, and
∆ = gbfbubp. They can be solved easily:
Fk,k =
U2k
ω − E−k /h¯− iη
+
V 2k
ω − E+k /h¯+ iη
, (34)
Fk,k−2kF =
−UkVk
ω − E−k /h¯− iη
+
UkVk
ω − E+k /h¯+ iη
, (35)
where
Uk =
√
1
2
{
1− ξk√
ξ2k +∆
2
}1/2
, (36)
Vk =
√
1
2
{
1 +
ξk√
ξ2k +∆
2
}1/2
, (37)
with ξk = h¯vF (k − kF ). The single-particle energy with
wave-number k is obtained from the pole of Fk,k(ω):
E±k = ǫ
f
k − ξk ±
√
ξ2k +∆
2, (38)
from which we can understand that the 2|∆| is the energy
gap at the fermi surface. It is clear that the periodic
condensate has produced an energy gap 2|∆| near the
fermi surface.
To evaluate the value of ∆, we calculate the total en-
ergy of the system in the present approximation. The
fermionic contributions to the energy is obtained by
summing-up the E−k in Eq. (38) up to the fermi wave-
number kF :
Ef =
∫
dkE−k θ(kF − |k|) =
(eF
3
+ gbfnb
)
nf
+ nf
[
eF −
√
e2F +∆
2
−∆
2
eF
ln
(
eF +
√
e2F +∆
2
|∆|
)]
, (39)
where eF = h¯vFkF /2. For simplicity, we consider the
weak coupling limit, ∆≪ eF , then the total energy den-
sity of the system becomes
Etot(|∆|) − Etot(0) = nf∆
2
4eF
×
[
2
ζ
{
1 +
(
mfvF
mbvB
)2}
− 1
2
{
1 + 2 ln
4eF
|∆|
}]
.(40)
Minimizing Eq. (40) with respect to |∆|, we obtain the
stationary value of the gap parameter
|∆|
eF
= 4 exp
[
−2
ζ
{
1 +
(
mfvF
mbvB
)2}]
. (41)
Using the above result, the energy difference between the
ground and the uniform (∆ = 0) states is
Etot(|∆|)− Etot(0) = − ∆
2
4πh¯vF
, (42)
which shows that the state with the “periodic conden-
sate” (bp 6= 0) has lower energy than the uniform one.
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FIG. 3: Gap energy as function of mfvF /mbvB (in units of
eF ) for ζ = 0.99.
Next, we discuss the fermionic density, which is ob-
tained from the Green’s function:
nf (z) = lim
η→0+
∑
k
∫
dω
2πi
eiηω
[
Fk,k + Fk,k−2kF e
i2kF z
+Fk−2kF ,ke
−i2kF z + Fk−2kF ,k−2kF
]
. (43)
Using Eqs. (34,35,36,37), it becomes
nf (z) =
∑
k
[U2k + V
2
k − 2UkVk cos (2kF z)]
= nf
[
1− ∆
eF ζ
cos (2kF z)
]
. (44)
which shows that, for finite ∆, the fermion state is in
the density-wave one where the fermionic density has a
periodicity 2kF . Corresponding to Eq. (44), the direct
calculation shows that the bosonic density nb(z) has the
similar density-wave structure:
nb(z) = nb
[
1 +
|∆|
|gbf |nb cos(2kF z)
]
. (45)
It should be noted that, different from nf (z), the peri-
odic part in nb(z) is proportional to the absolute value of
the gap parameter |∆|. That means that the boson and
fermion density-waves are out of phase for the boson-
fermion repulsive system, but in phase for the attractive
one.
As seen in Eq. (41), the gap energy ∆ essentially de-
pends on two combinations of parameters, mfvF /mbvB
and the dimensionless coupling constant ζ. In Fig-
ure. 3, we just plotted the gap energy as a function of
mfvF /mbvB for ζ = 0.99, from which we can read off
that the boson-fermion density-wave state can be ob-
served in increasing the 1D density of condensate and/or
using heavier bosons than fermions.
V. PEIERLS INSTABILITY OF SYSTEM IN
HARMONIC OSCILLATOR POTENTIAL
In this section, we briefly discuss the non-uniform
boson-fermion mixtures confined in a HO potential with
the finite axial dimension (ωa 6= 0), and the condition for
its Peierls instability.
Using the eigenenergy ǫhon = h¯ωa(n +
1
2 ) (n =
0, 1, 2, · · ·) and the wave function φhon for the 1D HO po-
tential, the quasiparticle amplitudes uλ and vλ are ex-
panded by
uλ(z) =
∑
n
uλnφ
ho
n (z), vλ(z) =
∑
n
vλnφ
ho
n (z). (46)
Substituting them into Eqs. (10,11), we can obtain the
eigenequations for the excitation energies h¯ωλ:∑
n
[
(ǫhon − h¯ωλ)δm,nuλn + h¯Πmn(ωλ)(uλn − vλn)
]
= 0,(47)
∑
n
[
(ǫhon + h¯ωλ)δm,nv
λ
n + h¯Πmn(ωλ)(v
λ
n − uλn)
]
= 0.(48)
where, to concentrate on the role of the polarization po-
tential effects in finite systems, we have neglected the
Hartree potential. The polarization potential h¯Πmn in
Eqs. (47,48), is given by
h¯Πmn(ωλ) = (gbf )
2Nb
×
∑
ph
[
〈mh|p0〉〈0p|hn〉
h¯ωλ − ǫhop + ǫhoh
− 〈mp|h0〉〈0h|pn〉
h¯ωλ − ǫhoh + ǫhop
]
. (49)
The matrix elements in Eq. (49) are defined by
〈mh|p0〉 =
∫
dzφhom φ
ho
h φ
ho
p ϕ0, (50)
where the single-particle wave functions in Eq. (50) have
been replaced by the HO eigenfunctions φhon . It should be
noted that the matrix element Eq. (50) has a transition
probability only in the spatial region where condensate
exists. It is important at this point to contrast finite
system to homogeneous system in which condensate is
present all over the range.
We restrict the present discussion into the parameter
region: h¯ωr > µf > µb > h¯ωa. Under these conditions,
we can take several approximations. Because of µb >
h¯ωa, the system is in the Thomas-Fermi (TF) regime, so
that we can take the TF approximation for the order-
parameter:
Φ =
√
Nbϕ0 ∝
√
1− z
2
z2TF
θ(zTF − |z|). (51)
The zTF in Eq. (51) is a cut-off length in the TF approx-
imation:
zTF =
√
2aho
(
3Nbβ
4
√
2
)1/3
, (52)
8where β = mgbbaho/h¯
2 with aho =
√
h¯/mωa (the HO
length in the axial direction).
As we have seen in chapter III, Peierls instability
comes from the coupling between the boson mode with
wave-number near 2kF and the fermion p-h excitations
near kF . Although the wave-number is not strictly con-
served in a HO potential, the instability mode would have
’wavenumber’: kn =
√
2n/aho ∼ 2kF . Since the higher
nodal modes n ∼ Nf have a broader spatial extension
(Ln =
√
2naho) than a condensate one, the asymptotic
expansions can be used for the φhon in the middle of the
trap |z| < zTF < Ln [30]:
φhon (z) ∝ cos
(
knz − nπ
2
)
. (53)
For a bosonic eigenstate with higher nodal mode, the
negative energy amplitude vλn = 0 of Eq. (47) can be
neglected.
Using these approximations, the matrix elements
like 〈0p|hn〉 become linear combinations of the form
J1(zTFK)/zTFK, where J1(x) is the 1st-order Bessel
function and the K is a wave-number difference between
the initial and the finial states: K = kn + kh − kp. In
the case of |x| ≫ 1, using the asymptotic expansion
of the Bessel function, J1(x)/x ∼ |x|−3/2, the terms of
|x| ≤ O(1) can contribute to the matrix elements. Under
the restriction of wave-numbers kh ≤ kF and kp > kF
with kn ∼ 2kF (kF =
√
2Nf/aho), the main contribu-
tions of matrix element are from the scattering processes:
kn → kp + kh and kn + kh → kp. To make an estimate,
we replace a product of Bessel functions as
J1(x1)
x1
J1(x2)
x2
≃ 1
4
θ(1− |x1|)θ(1 − |x1 − x2|), (54)
and take the continuum-limit for the wave-number sums:∑
p,h →
∫
dp
∫
dh.
Finally, the eigenenergy for a collective state with the
wave number kn = 2kF can be obtained
h¯ωλ = 4ǫF −
g2bfnb(0)
2πh¯vF
ln |4kF zTF |. (55)
Contrary to the uniform system, the static polarization
potential, the second term of right hand side of Eq.(55),
is not divergent at 2kF . This is because the scatter-
ing of trapped atoms without wave-number conservation
smears a singularity due to a sharp fermi sea. The Peierls
instability occurs where the polarization energy is over-
come by the kinetic energy 4ǫF :
1 <
ζ
4
vB(0)
2
v2F
ln |4kF zTF | (56)
where vB(0) =
√
gbbnb(0)/m. This is the Peierls insta-
bility condition where boson-fermion density wave may
occur.
We roughly estimate the parameters according to ex-
perimental conditions. When mb/mF ∼ 1, we can ex-
press the velocity ratio and the dimensionless coupling
constant by
v2B
v2F
=
1
4Nf
(
3Nb
ωr
ωa
abb
aho
) 2
3
, (57)
ζ =
√
2
π2Nf
ωr
ωa
a2bf
abbaho
. (58)
As a possible candidate for the Peierls instability, we
take the rubidium isotope system: 87Rb−84Rb mixtures.
Taking the scattering lengths in [31], abb = 5.3 nm and
abf = 29.1 nm and the typical trapping frequencies,
ωa = 2π × 10Hz and ωr = 2π × 15 kHz, Eq. (56) gives
Nf = 10
3 and Nb = 2 × 104 for the realization of the
Peierls instability.
VI. SUMMARY
In the present paper, we studied the occurrence
of Peierls instability in Q1D bose-fermi mixtures at
zero temperature. We analyzed the bosonic collective-
excitation spectra in random phase approximation. It
shows that the mixtures of uniform BEC and a fermi gas
are unstable against a spontaneous formation of a collec-
tive mode of wave-number 2kF ; this type of instability
is known as Peierls instability. This result suggests that
the ground state of bosons is a periodic condensate with
the period π/kF . In the variational method, the boson-
fermion density wave state have been shown to have a
lower energy than the uniform state. We also expanded
our analysis for systems in an axial harmonic oscillator
potential and derived Peierls instability condition.
It is well known that density waves in Q1D conduc-
tors lead to generations of a Lee-Rice-Anderson [32] and
a phase soliton [24] modes. Thus, studies of the dynam-
ical properties of boson-fermion density waves should be
interesting problems in future.
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